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Abstract 



The random key graph is a random graph naturaUy associ- 
^ ^ ated with the random key predistribution scheme of Eschenauer 

■ and Ghgor for wireless sensor networks. For this class of random 
Tij" , graphs we establish a new version of a conjectured zero-one law 

I for graph connectivity as the number of nodes becomes unbound- 

edly large. The results reported here complement and strengthen 
recent work on this conjecture by Blackburn and Gerke [1]. In 
I particular, the results are given under conditions which are more 

■ realistic for applications to wireless sensor networks. 



Keywords: Wireless sensor networks, Key predistribution. Random key 
graphs. Graph connectivity. Zero-one laws. 

1 Introduction 



1.1 Background 

Random key graphs, also known as uniform random intersection graphs, are 
random graphs that belong to the class of random intersection graphs |17j . 
They have appeared recently in application diverse as clustering 

*This work was supported by NSF Grant CCF-07290. 
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analysis \10\ lllj . collaborative filtering in recommender systems [H] and 
random key predistribution for wireless sensor networks (WSNs) [5]. 

For the sake of concreteness, we introduce this class of random graphs in 
this last context (hence the terminology): A WSN is a collection of spatially 
distributed sensors with limited capabilities for computations and wireless 
communications. It is envisioned that such networks will be used in appli- 
cations as diverse as battlefield surveillance, environment monitoring and 
traffic control, to name a few. In many settings, both military and civilian, 
network security will be a basic requirement for successful network deploy- 
ment. Traditional key exchange and distribution protocols are based on 
trusting third parties, and turn out to be inadequate for large-scale wireless 
sensor networks, e.g., see [8lll61[T9] for discussions of some of the challenges. 
To address some of the difficulties Eschenauer and Gligor [S] have recently 
proposed the following random key predistribution scheme: 

Before deployment, each sensor in a WSN is independently assigned K 
distinct cryptographic keys which are selected at random from a pool of P 
keys. These K keys constitute the key ring of the node and are inserted into 
its memory. Two sensor nodes can then establish a secure link between them 
if they are within transmission range of each other and if their key rings have 
at least one key in common; see [S] for implementation details. A situation 
of particular interest is that of full visibility - Nodes are then all within 
communication range of each other and a secure link can be established 
between two nodes if their key rings have at least one key in common. The 
resulting notion of adjacency induces the random key graph (K, P)) on 
the vertex set {1, . . . , n} where n is the number of sensor nodes; see Section 
[2] for precise definitions. 

A basic question concerning the scheme of Eschenauer and Gligor is its 
ability to achieve secure connectivity among participating nodes in the sense 
that a secure path exists between any pair of nodes. Therefore, under full 
visibility it is natural to seek conditions on n, K and P under which the 
random key graph M.(n;{K,P)) constitutes a connected graph with high 
probability - The availability of such conditions would provide an encourag- 
ing indication of the feasibility of using this distribution scheme for WSNs. 
As discussed in Section [31 this search has lead to conjecturing the following 
zero-one law for graph connectivity in random key graphs: If we scale the 
parameters K and P with n according to 




log n + a. 



■n 



n = 1,2,... 




Pn 



n 
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for some sequence a : No ^ M, then it has been conjectured that 
hm P [IK(n; {Kn,Pn)) is connected] 

n— ♦oo 

{0 if hm„_oo "n = -oo 
(2) 
1 if hm„^oo Oin = +00. 

This conjecture appeared independently in [Tl[20]. The zero-one law ([I|-([2|) 
mimics a similar one for Erdos-Renyi graphs [2], and can be motivated from 
it by asymptotically matching the link assignment probabilities in these two 
classes of random graphs. 



1.2 Related work 

Recent results concerning the conjectured zero-one law ([I])-© are now sur- 
veyed: Di Pietro et al. have shown [5l Thm. 4.6] that for large n, the 
random key graph will be connected with very high probability if Pn and 
K n are selected such that 

loE n 

Kn>5, Pn>n and ^ ~ c — ^ (3) 

Pn 

as soon as c > 160 They also observe that for large n, the random key 
graph will be disconnected with very high probability if the scaling satisfies 

The zero-law in ([2]) has recently been established independently by Black- 
burn and Gerke [1], and by Yagan and Makowski |20j . In both papers, it 
was shown that 

lim P []K(n; {Kn, Pn)) contains no isolated node] = 

n— ♦oo 

whenever lim^^oo = — oo in ([1]), a result which clearly implies the con- 
jectured zero-law. 

Blackburn and Gerke [T] also succeeded in generalizing the one-law result 
by Di Pietro et al. in a number of directions: Under the additional conditions 

Kn>2 and Pn>n, n = 1, 2, . . . , (4) 

^In the conference version of this work [Jl Thm. 4.6] the resuh is claimed to hold for 
c> 8. 
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they showed [U Thm. 5] that 



K'^ n 

hm P \K{n- {Kn, Pn)) is connected] = 1 if hminf > 1. (5) 

n— >oo n— »oo P„ log n 

This result is weaker than the one-law in the conjecture ([I])-©- However, 
in the process of establishing ([5]), they also show [H Thm. 3] that the con- 
jecture does hold in the special case = 2 for all n = 1, 2, . . . without any 
constraint on the size of the key pools, say Pn ^ n or n < Pn- Specifically, 
the one-law in ^ is shown to hold whenever the scaling is done according 
to 

A logn + an , . 

Kn = 2, — = , 71 = 1,2,... (6) 

Pn n 

with lim„_>oo cen = oo. As pointed out by these authors, it is now easy 
to conclude that the one-law in ([2|) holds whenever 2 < Kn < Pn and 

Pn = o (^i;^^ ; this corresponds to a constraint Pn <^n. 
1.3 Contributions 

In this paper, we complement existing results concerning the conjecture ([1])- 
([2]) in several ways: We establish (Theorem 14. ip the one- law in ([2]) under the 
conditions Kn > 2 and P„ = ^{n), i.e., Pn > cn for some o" > 0. Since the 
zero-law in ([2]) has already been established [HHO], the validity of ([I])-© 
thus follows whenever P„ = n{n) and Kn > 2. 

This result already improves on the one-law ([5]) obtained by Blackburn 
and Gerke [1] under the condition Moreover, as discussed earlier, these 
authors have established the one-law in ([2]) under conditions on the scalings 
very different from the ones used here, i..e., either Kn = 2 or Kn > 2 with 
Pn = o ^i^l"^^ • In practical WSN scenarios it is expected that the size of the 

key pool will be large compared to the number of participating nodes [3 Ej 
and that key rings will contain more than two keys. In this context, our 
results concerning the full conjecture ([I])-© are given under more realistic 
conditions than earlier work. 

The proof of the main result is lengthy and technically involved. How- 
ever, in a parallel development, we have also shown in [23] that when 
Pn = 0{n^) with < 5 < ^, the so-called small key pool case, elemen- 
tary arguments can be used to establish a one-law for connectivity. This is 
an easy byproduct of the observation that connectivity is achieved in the 
random key graph whenever all possible key rings have been distributed to 
the participating nodes. 
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1.4 The structure of the paper 

The paper is organized as follows: The class of random key graphs is formally 
introduced in Section [21 A basis for the conjectured zero-one law is discussed 
in Section [3l and the main result of the paper, summarized as Theorem 14. H 
is presented in Section [H A roadmap to the proof of Theorem 14.11 is given 
in Section [5j The approach is similar to the one used for proving the one- 
law for graph connectivity in Erdos-Renyi graphs [2 p. 164] [181 p. 304]; 
see (|13p -(|14p. Here as well, we focus on the probability that the random 
key graph is not connected and yet has no isolated nodes. We then seek to 
show that this probability becomes vanishingly small as n grows large under 
the appropriate scaling. As in the classical case this is achieved through a 
combination of judicious bounding arguments, the starting point being the 
well-known bound (j68p on the probability of interest. However, in order 
for these arguments to successfully go through, we found it necessary to 
restrict attention to a subclass of structured scalings (referred throughout 
as strongly admissible scalings) . In Section [6] a reduction argument shows 
that we need only establish the desired one-law for such strongly admissible 
scalings. The explanation of the right handside of ([1]) as a proxy for link 
assignment in the limiting regime is revealed through a useful equivalence 
developed in Section [71 

With these technical prerequisites in place, the needed bounding argu- 
ments are then developed in Section [H Section [9l and Section [lOl and the 
final steps of the proof of Theorem 14.11 are outlined in Section [Til The final 
sections of the paper, namely Section [121 through Section [T71 are devoted 
to the various technical steps needed to complete the arguments outlined in 
Section [TTl 

1.5 Notation and conventions 

A word on the notation and conventions in use: All limiting statements, 
including asymptotic equivalences, are understood with n going to infinity. 
The random variables (rvs) under consideration are all defined on the same 
probability triple Probabilistic statements are made with respect 

to this probability measure P, and we denote the corresponding expectation 
operator by E. Also, we use the notation =st to indicate distributional 
equality. The indicator function of an event E is denoted by 1 [E] . For any 
discrete set S we write IS*] for its cardinality. 
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2 Random key graphs 



Random key graphs are parametrized by the number n of nodes, the size P 
of the key pool and the size K of each key ring with K < P. To hghten 
the notation we often group the integers P and K into the ordered pair 

e^{K,p). 

For each node i = 1, . . . , n, let Ki{6) denote the random set of K distinct 
keys assigned to node i. We can think of Ki{9) as an valued rv where 
Vk denotes the collection of all subsets of {1, . . . , P} which contain exactly 
K elements - Obviously, we have {VkI = (^)- The rvs Ki{9), . . . ,Kn{0) 
are assumed to be i.i.d. rvs, each of which is uniformly distributed over Vk 
with ^ 

F[Ki{e) = S] = (J}j , S€Vk (7) 

for all i = 1, . . . , n. This corresponds to selecting keys randomly and without 
replacement from the key pool. 

Distinct nodes i,j = 1, . . . ,n are said to be adjacent if they share at 
least one key in their key rings, namely 

K,{e) n Kj{e) ^ (8) 

in which case an undirected link is assigned between nodes i and j. The 
resulting random graph defines the random key graph on the vertex set 
{1, . . . , n}, hereafter denoted by ]K(n; 6). For distinct j = 1, . . . , n, it is a 
simple matter to check that 

¥[Ki{e)nKj{e) = ii}] = q{e) (9) 

with 



QiO) 



r if P <2K 

(10) 



if 2K < P. 



This expression and others given later are simple consequences of the often 
used fact that 

P[5nK,(^) = 0] = ^-f-^, i = l,...,n (11) 
\k) 

for every subset S of {1, . . . ,P} with \S\ < P — K. The case P < 2K is 
clearly not interesting: It corresponds to an edge existing between every 
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pair of nodes, so that ]K(n;0) coincides with the complete graph K^- Also, 
we always have < q{6) < 1 with q{9) > if and only if 2K < P. 

Random key graphs form a subclass in the family of random intersection 
graphs. However, the model adopted here differs from the random intersec- 
tion graphs discussed by Singer-Cohen et al. in [13l [T7] where each node is 
assigned a key ring, one key at a time according to a Bernoulli-like mecha- 
nism (so that each key ring has a random size and has positive probability 
of being empty) . 

Throughout, with n = 2, 3, . . ., and positive integers K and P such that 
K < P, let P{n; 0) denote the probability that the random key graph ]K(n; 0) 
is connected, namely 

P(n; 9) := P [IC(n; 9) is connected] , 9 = {K, P). 

3 A basis for the conjecture 

As indicated earlier, we wish to select P and K so that P(n; 9) is as large 
(i.e., as close to one) as possible. We outline below a possible approach 
which is inspired by the discussion on this issue given by Eschenauer and 
Gligor in their original work [2j ; see also the discussion in [U [H] , 

(i) Let G{n;p) denote the Erdos-Renyi graph on n vertices with edge 
probability p (0 < p < 1) [21 [12]. Despite strong similarities, the random 
graph ]K(n; 9) is not an Erdos-Renyi graph G{n;p). This is so because edge 
assignments are independent in G{n; p) but can be correlated in ]fC(n; 9). Yet, 
setting aside this (inconvenient) fact, we note that K(n; 9) can be matched 
naturally to an Erdos-Renyi graph G{n;p) with p and 9 related through 

p=l-q{9). (12) 

This constraint ensures that link assignment probabilities in ]fC(n; 9) and 
G{n;p) coincide. Moreover, under (fT2|) it is easy to check that the degree of 
a node in either random graph is a Binomial rv with the same parameters, 
namely n — 1 and p = 1 — g(^)ll Given that the degree distributions in a 
random graph are often taken (perhaps mistakenly) as a good indicator of 
its connectivity properties, it is tempting to conclude that the zero-one law 
for graph connectivity in random key graphs can be inferred from the analog 
result for Erdos-Renyi graphs when matched through the condition (|12p . 

^For Erdos-Renyi graphs this resuh is well known, while for random key graphs this 
characterization is a straightforward consequence of 
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(ii) To perform such a "transfer," we first recall that in Erdos-Renyi 
graphs the property of graph connectivity is known to exhibit the following 
zero-one law [2] : If we scale the edge assignment probability p according to 

log n + a„ 

Pn = , n = l,2, ... (13) 

n 

for some sequence a : No ^ M, then 

if limn^ooOn = -oo 
lim ¥[G{n;pn) is connected] = ^ (14) 

1 if lim„^oo On = +00- 

(iii) Under the matching condition (jl2p . these classical results suggest 
scaling the parameters K and P with n according to 

( K I log n + a„ , , 

1 - = — n=l,2,... 15 

for some sequence a : No — > K. In view of (|14p it is then not too unreasonable 
to expect that the zero-one law 

if lim„_oo a„ = -oo 
jim P(n; 0„) = <( (16) 

1 if lim„^oo Oin = +00 

should hold (possibly under some additional assumptions). 

Of course, for this approach to be operationally useful, a good approx- 
imation to the right handside of ()12p is needed. Eschenauer and Gligor 
provided such an approximation with the help of Stirling's formula. How- 
ever, as already indicated by DiPietro et al. [HE], it is easy to check that 

under natural assumptions. Thus, if instead of scaling the parameters ac- 
cording to (|15p . we scale them according to 

Kl \ogn + an , . 

— = , 71 = 1,2,... (18) 

Pn n 

then it is natural to conjecture that the zero-one law (jl6p should still hold. 

While this transfer technique could in principle be applied to other graph 
properties, it may not always yield the correct form for the zero-one law; see 
the conference paper [23] for results on the existence of triangles in random 
key graphs. 
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4 The main result 



Any pair of functions P, : Nq — > Nq defines a scaling provided that the 
natural conditions 

Kn<Pn, n=l,2,... (19) 

are satisfied. We can always associate with it a sequence a : No ^ M through 
the relation 

Kl log n + an 



, n = l,2,... (20) 

Pn n 
Just set 



an-=n— logn, n = l,2, ... 

We refer to this sequence a : Nq ^ K as the deviation function associated 
with the scaling P, K : ^ Nq. As the terminology suggests, the deviation 
function measures by how much the scaling deviates from the critical scaling 

log n 
n ' 

A scaling P, K : 'Nq ^ Nq is said to be admissible if 

2<Kn (21) 

for all n = 1,2, .. . sufficiently large. The main result of this paper can now 
be stated as follows. 

Theorem 4.1 Consider an admissible scaling P, : No ^ No with devia- 
tion function a : No — > M determined through i20\) . We have 

lim P{n;9n) = if lim„^oo = — oo. (22) 

n— >oo 

On the other hand, if there exists some a > such that 

an < Pn (23) 
for all n = 1,2,... sufficiently large, we have 

lim P{n;9n) = 1 if lim„^oo "n = oo. (24) 



The condition (j23p is sometimes expressed as Pn = 0,{n) and is weaker 
than the growth condition at ^ used by Blackburn and Gerke [1]. It is 
also easy to check that Theorem 14.11 implies the one-law ([5]). Furthermore, 
the one-law in Theorem 14.11 cannot hold if the condition (|2ip fails. This is 
a simple consequence of the following observation. 
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Lemma 4.2 For any mapping P : No — > No for which the Umit lim^^oo Pn 
exists (possibly infinite), we have 

if lim„_^oo -Pn > 1 
limP{n;{l,Pn))={ (25) 

1 if lim„^oo -Pn = 1- 



Proof. For n = 2, 3, . . . and any positive integer P„, the graph K{n; (1, Pn)) 
is connected if and only if ah nodes choose the same key. This event hap- 
pens with probabihty Pn ■ The conclusion is now immediate once we 
observe that the condition lim„^oo -Pn = 1 (resp. lim„_>oo -Pn > 1) requires 
Pn = 1 (resp. Pn > 2) for all n = 1,2,... sufficiently large owing to Pn 
being integer. ■ 



5 A roadmap for the proof of Theorem 14.1 

Fix n = 2, 3, . . . and consider positive integers K and P such that 2 < K < 
P. We define the events 

Cn{G) ■= \Kn{0) is connected] 

and 

/„(0) := [IK„(0) contains no isolated nodes] . 

If the random key graph ]K(n; 9) is connected, then it does not contain 
isolated nodes, whence Cn{0) is a subset of In{G), and the conclusions 

f[Cn{9)]<¥[In{e)] (26) 

and 

P [CniO)^] = F [Cn{e)' n In{9)] + P [In{9)'] (27) 

obtain. 

In [20], we established the following zero-one law for the absence of 
isolated nodes by the method of first and second moments applied to the 
number of isolated nodes. This result was also obtained independently by 
Blackburn and Gerke [1]. 
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Theorem 5.1 For any admissible scaling P, K : Nq ^ Nq, it holds that 

if lim.„_ooan = -oo 

1 if lilllr; 



lim F[IM] 



(28) 



where the deviation function a : Nn 



, an = +00 



is determined through <I20|) . 



Taken together with Theorem 15.11 the relations (j26p and (j27p pave the 
way to proving Theorem 14.11 Indeed, pick an admissible scaling P, K : 



^0 



with deviation function a 



^0 



If lim„ 



Or 



-OO, then 



No ^ F 

lim„,_»oo IP [-^n(^n.)] = by the zero-law for the absence of isolated nodes, 
whence lim„^oo P [^^(^n)] = with the help of (p6|) . If lim„^oo = 
oo, then lim^^oo [-^n(^n)] = 1 by the one-law for the absence of isolated 
nodes, and the desired conclusion lim„^oo P [C'n(^n)] = 1 (or equivalently, 
lim.„_,ooIP [C„(6'„)'^] = 0) will follow via ([271) if we show that 



lim ] 

n— >oo 



[Cn{ 



' n /„(&„)] = 0. 



(29) 



We shall do this by finding a sufficiently tight upper bound on the probability 
in (j29p and then showing that it goes to zero as well. While the additional 
condition (j23p plays a crucial role in carrying out this argument, a number 
of additional assumptions will be imposed on the admissible scaling under 
consideration. This is done mostly for technical reasons in that it leads to 
simpler proofs. Eventually these additional conditions will be removed to 
ensure the desired final result, namely (p4|) under (p3]) . e.g., see Section [6] 
for details. 

With this in mind, the admissible scaling P, X : No — > No is said to 
be strongly admissible if its deviation function a : No — > M satisfies the 
additional growth condition 



an = o{n). 



(30) 



Strong admissibility has the following useful implications: Under (|3Up it 
is always the case from ()20p that 



lim ^ = 0. 

n— >cxD P 



Since 1 < Kn < for all n = 1, 2, . . ., this last convergence implies 

Kn 

lim -r^ = 

n— ►oo P„ 



(31) 



(32) 



11 



and 

lim P„ = oo. (33) 

n— >oo 

As a result, 

2Kn < Pn (34) 

for all n = 1,2, .. . sufficiently large, and the random key graph does not 
degenerate into a complete graph under a strongly admissible scaling. We 
shall also make use of the fact that (j32p is equivalent to 

Pn 

lim -— = oo. (35) 
Finally in Lemma 17.31 we show that (|3ip suffices to imply 

1 - qiOn) ~ (36) 
This is discussed in Section [3 and provides the appropriate version of (jl7p . 

6 A reduction step 

The relevance of the notion of strong admissibility flows from the following 
fact. 

Lemma 6.1 Consider an admissible scaling K,P : Nq ^ Nq whose devia- 
tion sequence a : No ^ M satisfies 

lim Q„ = oo. (37) 

n— >oo 

Assume there exists some a > such that i23\) holds for all n = 1,2,... 
sufRciently large. Then, there always exists an admissible scaling K, P : 
No No with 

Kn<Kn and Pn = Pn, n = l,2,... (38) 
whose deviation function a : No ^ M satisfies both conditions 

lim Q„ = oo (39) 

n— >oo 

and 

an = o(n). (40) 
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In other words, the scahng K , P : Nq ^ Nq defined at (|38p is strongly 
admissible and still satisfies the condition 

Proof. For each n = 1,2,..., we set 



where 

The properties 
and 



a* := min (a„, log n) 

lim a* = oo (41) 

o(n) (42) 



are immediate by construction. 

Now define the scaling i^, P : No — > No by 

Kn := \K] , P„ = P„, n = 1, 2, . . . (43) 

We get K* < Kn for all n = 1,2,... since a* < a^, whence Kn < Kn by 
virtue of the fact that Kn is always an integer. This establishes (j38p . 

Next, observe that = 1 if and only < 1, a condition which occurs 
only when 

P„(logn + O<n. (44) 

This last inequality can only hold for a finite number of values of n. Other- 
wise, there would exist a countably infinite subset of No such that both 
and dM]) simultaneously hold on N . In that case, we conclude that 

a (log?! + a*) < 1, n G iV 



and this is a clear impossibility in view of (j41|) . Together with (j38p this 
establishes the admissibility of the scaling ii', P : No — > No- 

Fix n = 1, 2, . . .. The definitions imply < < 1 + and upon 
squaring we get the inequalities 

Pn'^^^^^<kl (45) 

n 

and 



Kl<l + 2\IPn'^^^^+Pn'^^^^^. (46) 
" n n 
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The deviation sequence a : No — > M of the newly defined scahng ([38]) is 
determined through 

kl _ log n + Un _ 

— , n — i, z, . . . . 

Pn n 

Using ([35]) and (|16]) we then conclude that 

C^n < «n (47) 

and 

^<± + 2J^-^°g" + ""+^. (48) 
n Pn \ Pn n n 

It is now plain from (j^TI) and (fTTI) that ([39]) holds. Next, by combining (HTI) 
and (l48]l we get 



< < ^ < ± + 2 J— • + + ^. (49) 



n n Pn S Pn n n 

Letting n go to infinity in (j49p and using (j42p we conclude to (j40p since 
lim„_,oo -Pn = oo by virtue of ([23]) . ■ 



This construction also works with 

a* = min(Q„,u;„) , n=l,2, ... 

for any sequence u; : Nq ^ such that lim„_^oo'^n = oo and a;„ = o(n), 
e.g., Un = for some < 5 < 1. 

We close with a key technical consequence of Lemma 16.11 By construc- 
tion the scaling i^T, P : No ^ No «s a strongly admissible scaling and an easy 
coupling argument based on ([55]) implies 

P{n-en)<P{n-en), n = 2,3,... 

Thus, we need only show (|24p under (|23p for strongly admissible scalings. 
As a result, in view of the discussion leading to (|29p it suffices to establish 
the following result, to which the remainder of the paper is devoted. 

Proposition 6.2 Consider any strongly admissible scaling P, X : No — > No 
whose deviation function a : No — > M satisfies lim„^oo Oin = oo. Under the 
condition ([221)) iiave 

hm P[C„(^„)^n/„(0„)] = 0. (50) 
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Proposition 16.21 shows that in random key graphs, graph connectivity 
is asymptotically equivalent to the absence of isolated nodes under any 
strongly admissible scaling whose deviation function a : No ^ M satisfies 
lim.„^oo On = oo under the condition (p3]) . 



7 The equivalence ( 1361) 

To establish the key equivalence (j36p we start with simple bounds which 
prove useful in a number of places. 

Lemma 7.1 For positive integers K, L and P such that K + L < P, we 
have 



whence 

( 



(V)<g-K.^_ (52) 



Proof. Under the condition K -\- L < P, the relation 



(P-L)! {P-Ky. 



(53) 



Q {P-L-K)\ PI 
holds with 

Upon substituting we find 



and a straightforward bounding argument yields the bounds (I5ip . The pas- 
sage to (f52|) follows from the inequality 1 — x < valid for x > 0. ■ 



Applying Lemma EH to the expression (flO]) yields the following bounds. 
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Lemma 7.2 With positive integers K and P such that 2K < P, we have 
l_e--<l_g(0)<___. (55) 



Proof. Lemma |7. II (with L = K) yields the bounds 



K 



l-e-- <l-q{e)<l-[l-^-j^] . (56) 
The conchision (|55p is now immediate once we note that 

1 - 1 - = / Kt^~^dt < 



P-KJ ./i K- - P-K 

by a crude bounding argument. 



A httle bit more than (|36j) can be said. 
Lemma 7.3 For any scahng P, K : No — > No, we have 

lim qiOn) = 1 (57) 

n— >oo 

if and only if 

hm --^ = 0, (58) 

n— >oo P^ 

and under either condition the asymptotic equivalence 

1 - QiOn) - ^ (59) 

holds. 

On several occasions, we will rely on (I59p through the following equiva- 
lent formulation: For every 6 in (0, 1) there exists a finite integer n*{6) such 
that 

{l-6)^<l-q{en)<{l + 6)^ (60) 



p — — \ / p 

^ n ^ n 



whenever n > n*{6). 
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Proof. As noted already at the end of Section [5l condition ()58p (which 
holds for any strongly admissible scaling) implies 



2Kn < Pn (61) 

for all n sufficiently large. On that range Lemma 17.21 yields 

l_e-i^<l-g(e„)<^i^. (62) 

Multiply (|62p by ^ and let n go to infinity in the resulting set of 
inequalities. Under (I58p . we get 

P f 

lim • 1 - e"^ = 1 (63) 
n^oo \ J 

from the elementary fact lim^io ^"^ = 1, while 



by virtue of (j32p (which is implied by (j58p ). The asymptotic equivalence 
(j59]) follows, and the validity of ([57|) is immediate. 

Conversely, under the condition limn^oo q{6n) = 1, we have < q{6n) < 
1 for all n sufficiently large (by the comment following (jlip ). and the con- 
straint (j6ip necessarily holds. On that range, (j62p being valid, we conclude 



to lim^^oo e = 1 under (j57p . The convergence ()58p now follows and the 
asymptotic equivalence (|59p is given by the first part of the proof. ■ 



8 A basic union bound 

Proposition 16.21 will be established with the help of a union bound for the 
probability appearing at (jSOp - The approach is similar to the one used for 
proving the one-law for connectivity in Erdos-Renyi graphs [21 p. 164] |181 
p. 304]: 

Fix n = 2, 3, . . . and consider positive integers K and P such that 2K < 
P. For any non-empty subset S of nodes, i.e., 5" C {1, . . . , n}, we define the 
graph K{n;6){S) (with vertex set S) as the subgraph of K(n; 6*) restricted 
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to the nodes in S. We also say that S is isolated in ]fC(n; 6) if there are no 
edges (in M.{n; 9)) between the nodes in S and the nodes in the complement 
S"^ = {1, . . . ,n} — S. This is characterized by 

With each non-empty subset S of nodes, we associate several events 
of interest: Let Cn{0;S) denote the event that the subgraph K{n;6){S) is 
itself connected. The event Cn{0]S) is completely determined by the rvs 
{Ki{9), i e S}. We also introduce the event Bn{0;S) to capture the fact 
that S is isolated in K{n;6), i.e., 

Bn{9; S) := [KiiO) n Kj{9) =0, i € S, j € . 

Finally, we set 

An{e;S) :=Cn{e;S)nBn{e;S). 

The starting point of the discussion is the following basic observation: 
If ]K(n; 6) is not connected and yet has no isolated nodes, then there must 
exist a subset S of nodes with \S\ > 2 such that 'K{n;9){S) is connected 
while S is isolated in ]K(n; 9). This is captured by the inclusion 

Crr{9y n In{9) C U^^^^ |5|>2 Ar,{9; S) (65) 

with M denoting the collection of all non-empty subsets of {1, ... A 
moment of reflection should convince the reader that this union need only 
be taken over all subsets 5 of {l,...,n} with 2 < l^l < [|J. Then, a 
standard union bound argument immediately gives 

¥[Cn{9rnin{9)] < Yl ^[MO;S)] 

SeJ\f:2<\S\<l^i 

LfJ / \ 
= E E ^iMO;S)]] (66) 

r=2 \SeAfr ) 

where Mr denotes the collection of all subsets of {1, . . . ,n} with exactly r 
elements. 

For each r = 1, . . . ,n, we simplify the notation by writing An^riP^ '■ = 
Ar,{9; {1, . . . , r}), BnA^) := Bn{9; {1, . . . , r}) and Cr{9) := Cn{9; {!,'. . . , r}). 
For r = n this notation is consistent with Cn{9) as defined in Section [5l 
Under the enforced assumptions, it is a simple matter to check by exchange- 
ability that 

¥[An{9-S)]=¥[An,r{e)]^ S ^ Mr 



18 



and the expression 

^ P[^„(0;5)] = ¥[An,rm (67) 

follows since \Mr\ = (")• Substituting into ([66]) we obtain the key bound 

Lf J 

p [Cniey n inio)] < P [AnAO)] ■ (68) 

r=2 

Consider a strongly admissible scaling P, X : No — > No as in the state- 
ment of Proposition 16.21 In the right hand side of (|68l) we substitute 9 by 
6n, by means of this strongly admissible scaling. The proof of Proposition 
16.21 will be completed once we show that 

lim Vf"") P[^„,,(a„)]=0 (69) 

r=2 ^ ^ 

under the appropriate conditions. This approach was used to establish the 
one-law in Erdos-Renyi graphs [2], [18] where simple bounds can be derived 
for the probability terms in (j69p . Our situation is technically more involved 
and requires more delicate bounding arguments as will become apparent in 
the forthcoming sections. 



9 Bounding the probabilities P \An^r{f^y\ 
(r = 1, . . . ,n) 

Again consider positive integers K and P such that 2K < P. Fix n = 2, 3, . . . 
and pick r = 1, . . . , n — 1. In the course of evaluating P [A„^j.(0)], we shall 
make use of the rv Ur{0) given by 

Ur{e)■.= U=lK^m■ (70) 

The rv Ur{6) counts the number of distinct keys issued to the nodes 1, . . . , r. 
It is always the case that Ur{9) < P- However, the equivalence 

Bn,r{e) = [{uU^K,{e)) n Kj{e) = 0, j = r + 1, . . . n] 

implies that the set of nodes {1, . . . , r} cannot be isolated in ]K(n; 9) if P — 
Ur{9) < K, i.e., 
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Hence, under the enforced assumptfons on the rvs Ki{6), . . . , Kn{0), we 
readily obtain the expression 



F[Bn,r{0)\Ki{e), i = l,... 



a.s. 



on the event [C/,.(6') < P - K]. 

Upon conditioning on the rvs Ki{9), . . . , Kr{0) (which determine the 
event Cr{0)), we conclude that 



[An,: 



F[Cr{e)nBn,rm 



E 



i[c:i9)]- 



(71) 



with 

The bound 



c;(0) := Crie) n [Ur{e) <p-k]. 



PK,,(0)] <E i[c:ie)]-e 



(72) 



(73) 



follows by applying (j52p in Lemma |7.1[ 
The constraints 

K < Ur{9) < min {rK,P) 

automatically imply Ur{0) < P — K whenever rK < P — K, i.e., (r + 1)K < 
P. Thus, 

C:.ie)=Cr{e), r = l,...,r„(e) (74) 

where we have set 



rniO) := rain (^r{6), — ^ with r{Q) : 



P 
K 



1. 



This discussion already brings out a number of items that are likely 
to require some attention: We will need good bounds for the probabilities 
P [Cr{0)] and P [C*{6)]. Also, some of the distributional properties of the rv 
Ur{6) are expected to play a role. Finally, different arguments are probably 
needed for the ranges 1 < r < r.„(^) and rn{0) < r < [^J. 

The next result is crucial to showing that for each r = 2. . . . , n, the 
probability of the event Cr{6) can be provided an upper bound in terms of 
known quantities. First some notation: For each r = 2, . . . ,n, let 'Kr{n;9) 
stand for the subgraph IK(n; 6){S) when S = {1, . . . ,r}. Also let %■ denote 
the collection of all spanning trees on the vertex set {1, . . . , r}. 
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Lemma 9.1 For each r = 2, . . . ,n, we have 

¥[TC Kr{n; 9)] = (1 - q{9)Y'^ , T e % (75) 

where the notation T C ]Kr(n;^) indicates that the tree T is a subgraph 
spanning ]K,.(n; 6). 

This last expression is analogous to the one found in Erdos-Renyi graphs 
[2] with 1 — q(6) playing the role of probability of link assignment, and this 
in spite of the correlations between some link assignments. 

Proof. We shall prove the result by induction on r = 2, . . . , n. For r = 2 
the conclusion (j75p is nothing more than (jlOp since T2 contains exactly one 
tree, and this establishes the basis step. 

Next, we consider the following induction step: Pick r = 2, . . . , n — 1 and 
assume that for each s = 2, . . . , r, it is already known that 

F[T cKsin;e)] = {l-q{e)Y-\ TeT,. (76) 

We now show that (|76|) also holds for each s = 2, . . . , , r + 1. To that end, 
pick a tree T in T^+i and identify its rootH Let i denote a node that is 
farthest from the root of T - There might be several such nodes. Also 
denote by p its unique parent, and let D{p) denote the set of children of p. 
Obviously D{p) is not empty as it contains node i; set |-D(p)| = d. Next we 
construct a new tree T* from T by removing from T all the edges from node 
p to the nodes in D{p). By exchangeability, there is no loss of generality in 
assuming (as we do from now on) that the tree is rooted at node 1, that the 
unique parent p of the farthest node selected has label r — d + 1, and that 
its children have been labelled r — d + 2, . . . , r + 1. With this convention, 
the tree T* is defined on the set of nodes {!,... ,r — d+l}. 

It is plain that T C ]Kr+i{n,;9) occurs if and only if the two sets of 
conditions 

Kr-d+i{0) n KeiO) ^ ^, e = r-d + 2,...,r + l 

and 

CK,_rf+i(n;0) 

both hold. Under the enforced independence assumptions we get 

■^As we are considering undirected graphs, all nodes can act as a root for the (undi- 
rected) tree T, in which case any one will do for the forthcoming discussion. 



i = r-d + 2,...,r + l 



Ki{e),...,Kr 



-d+l 



(0) 
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Therefore, upon conditioning with respect to the rvs Ki{9), . . . , Kr-d+iid) 
we readily find 

F[TCKr+i{n,;e)] = {l-q{9)fF[T' CKr.d+i{n;e)] 

= (1 - q{0))\l - q{e)Y-'^ (77) 

= a-q{e)Y 

as we use the induction hypothesis ([76]) for evaluating the probability of the 
event [T* C Kr-d+iin'jO)]. This establishes the induction step. ■ 

The bound below now follows as in Erdos-Renyi graphs [2]. 
Lemma 9.2 For each r = 2, . . . ,n, we have 

F[Cr{e)]<r'-Hl-q{e)y'-'. (78) 



Proof. Fix r = 2, . . . ,n. If I[Cr(n;0) is a connected graph, then it must 
contain a spanning tree on the vertex set {1, . . . .r}, and a union bound 
argument yields 

P [Cr{e)] <Y,¥[TC Kin; e){S)] . (79) 

TeTr 

By Cayley's formula [15] there are r*^'"^ trees on r vertices, i.e., |'?^| = r^'~'^, 
and (i78]l follows upon making use of ([75]) . ■ 

The bound ([72]) and the inequality Ur{0) > K together imply 

< r"-2 (1 - g(e))^-i . e-("-'^)^ (80) 

as we make use of Lemma 19.21 in the last step. Unfortunately, this bound 
turns out to be too loose for our purpose. As this can be traced to the crude 
lower bound used for Ur{6), we expect that improvements are possible if we 
take into account the distributional properties of the rv Ur{0). This step is 
taken in the next section. 
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10 The tail of the rv Ur{0) and improved bounds 



Consider positive integers K and P such that K < P. Rough estimates will 
suffice to get the needed information regarding the distribution of the rv 
Ur{0). This is the content of the next result. 

Lemma 10.1 For all r = 1,2, . . ., the bound 

P[t/.(^)<x]<Q(^|||^ (81) 
holds whenever x = K, . . . , imn(rK, P). 



Proof. For a given x in the prescribed range, we note that Ur{0) < x 
implies that Ul^iKi{6) is contained in some set S of size x, so that 

[Ur{9)<x]C (J [uUKd9)CS]. 

A standard union bound argument gives 

P [UM <x] < [U'UMG) ^ S] 

= ^ P[Ki(e)CS, i = l,...,r] 

= (P[i^i(e)C5])^ (82) 

under the enforced assumptions on the rvs Ki{9), . . . , Kn{9). 

Since every subset of size x contain (^) further subsets of size K, we get 



F[Ki{9) C 5] = 




Reporting this fact into (|82p we readily obtain (j8ip from the fact {V^ 
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Under the conditions of validity for (jSip we note that 

K-l 



(a 



n 



x-e 
p-e 



since 



p-e 



(k) e=o 
decreases as i increases from 



< 



P 



K 



to £ = if — 1. Reporting into 



([81]) we conclude to a somewhat looser but simpler bound. 
Lemma 10.2 For aii r = 1, 2, . . ., the bounds 



'[Urie) <X]< 



p 



rK 



(83) 



holds whenever x = K, . . . , min(ri^, P). 

The bounds §B) and §3^) trivially hold with F[Ur{6) < x] = when 
X = 1, . . . , K — 1 since we always have Ur{9) > K. We shall make repeated 
use of this fact as follows: For all n, r = 1,2,..., with r < n, we have 



F[Ur{e)<x] < 



< 



X 

p 
p 

X 



rK 



X\rK 
P. 



(84) 



on the range x = 1, . . . ,min(ri^r, P) whenever an < P for some cr > 0, a 
condition which is needed only for the last step and which implies n < [^J 
since n is an integer. 

We are now in a position to improve on the bound (|8U|) : Fix n = 2, 3, . . . 
and pick r = 2, . . . , n — 1. For each positive integer x, the decomposition 

F[An,rm = r[Cr{e)nBn,rm 

= F[Cr{e)nBn,r{^)'^Er{9;x)] (85) 

+ P [Cr{e) n Bn,r{0) H E-riO; xf] 

holds where the event Er{6;x) is given by 

Er{9]x) := [Ur{9) < x]. 
The arguments leading to ([7T|) also yield 

¥[Cr{9)nBn,r{0)nEr{e;x)] 



E 



< E 



l[C:i9)]l[Er{e-x)] 



l[C:{9)]l[Er{9;x)]e-^—'p 



Ck) J 

{n-r)l^Ur{e) 



< F[C*{9)nEri9;x)]e 



(86) 
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given that Ur{0) > K. In a similar way we obtain 

p [Cr{e) n BnA^) n Erie-, xy] < p [c*{e) n Erie- xy] e-("-^)f (s?) 

since Ur{6) > x + 1 on the complement Er{6;xy. Reporting (j86p and ([8 
into (I85p leads to the following fact. 



Lemma 10.3 Consider positive integers K and P such that K < P. With 
n = 2, 3, . . . and r = 1, . . . , n, we have 

P [An,M] < ^ [Er{0] x)] e-("-'-)^ + P [Cr{e)] g-C^'Of (^+1) (88) 

for each positive integer x. 

This decomposition combines with Lemma 19.21 to provide bounds which 
are tighter than ([80|) . 



11 Outlining the proof of Proposition 16.21 

It is now clear how to proceed: Consider a strongly admissible scaling P, K : 
No — > No as in the statement of Proposition 16.21 Under (j30p we necessarily 
have lim„_*oo ^ = oo as discussed at the end of Section As a result, 
lim„^oo ^'nl^n) = OO, and for any given integer R>2 we have 

R < rn{On), n > n*iR) (89) 

for some finite integer n*{R). 

For the time being, pick an integer R> 2 (to be specified in Section [T3]) . 
and on the range n > n*{R) consider the decomposition 



^r^] PK,r(^n)] = PK,.(^„)] (90) 

r=2 ^'^^ r=2 ^ 

rn{e) . s 

r=R+l ^ ^ 

L-J 

+ (^) IPK.rl^n)]. 

r-=r„(e„)+l 

Let n go to infinity: The desired convergence ()69p will be established if we 
show 

hm V f P \An,riPny\ = 0, (91) 
n— »oo — ' \ r I 
r=2 ^ ^ 
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lim V r\ P[A„,,(^„)] =0 (92) 

r=_R+l ^ ^ 



and 

LfJ 



lim V {''\ P[A„,,(0„)] =0. (93) 

r-=r„(e„)+l ^ ^ 



The next sections are devoted to proving the vaUdity of (I9ip . (I92p and 
(j93]) by repeated apphcations of Lemma ri0.3[ We address these three cases 
by making use of the bounds (j88p with 



x= L(l + e)ifnJ, ee(0,i), 
rE=LArK„J, AG (0,1), 

and 

X=YllPn\, /UG(0,1), 

respectively. Throughout, we also make repeated use of the standard bounds 

valid for all r, n = 1,2,... with r < n. Finally, we note by convexity that 
the inequality 

ix + yr<2P-\xP + yn, '''J^^^^ (95) 

holds. 

Before getting on the way, we close this section by highlighting key dif- 
ferences between our approach and the one used in the papers [H |3] . The 
observation yielding (j68p . which forms the basis of our discussion, is also 
used in some form as the starting point in both these references. However, 
these authors did not take advantage of the fact that the sufficiently tight 
bound (|78p is available for the probability of the event Cr{0), a consequence 
of the exact expression ([75]) . Through this bound, we can leverage strong 
admissibility (via ([36]) ) to get 

for n sufficiently large with any < < 1, in which case 
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for each r = 2,3,...,n. This opens the way to using the properties of the 
scahng by means of its deviation function defined by (|2Up - Such a hne of 
arguments cannot be made if the scahng is merely admissible. 

The bound (j88p arises from the need to efficiently bound the rv Ur{9n)- 
Indeed, if it were the case that Ur{6n) = rKn for each r = l,...,[^J, then 
the conjecture ([I])-© would readily follow as in Erdos-Renyi graphs [2] by 
simply making use of the bound (jSOp . e.g., see the arguments in [2l[T8]. In 
addition, the constraint Ur{On) < niin(ri^r„, P„) already suggests that the 
cases rKn < Pn and P„ < rK^ be considered separately, with a different 
decomposition (j88p on each range - This was also the approach taken in 
the references [1] and [1]. Interestingly enough, a further decomposition of 
the range r = 1, . . . , [^J is needed to establish Theorem 14. li In particular, 
using the bound (|88p with x = \_\rKn\ for sufficiently small A in (0, 1) across 
the entire range r = 1, . . . , L"^J would not suffice for very small values of 
r: In that range the obvious bound Ur{9n) ^ Kn might be tighter than 
Ur{0n) > L'^^-^nJ, and another form of the bound ([55j) is needed to obtain 
the desired results, hence ([90]) . 

12 Establishing 

Consider a strongly admissible scaling P, X : No — > No whose deviation 
function a : No — > M satisfies lim„^oo an = oo. According to this scaling, 
for each r = 2, 3, . . . and n = r + 1, r + 2, . . ., replace 9 by 6n in Lemma [10.31 
with a; = [(1 + e)Kn\ for some e in (0, ^). For an arbitrary integer R > 2, 
the convergence (|9ip will follow if we show that 

hm P [Crien)] e-(""^)tr(L(i+-)^"J+i) ^ Q ^gg^ 

n^oo \r J 

and 

hm f'') P [Er {On, L(l + e)Kn\)] e-("-^^)€ = (97) 

n— >oo \r J 

for each r = 2,3,.... These two convergence statements are established 
below in Proposition 112. Il and Proposition 112.21 respectively. 

Proposition 12.1 Consider a strongly admissible scaling P, X : No — > No 
whose deviation function a : No — > M satisfies lim^^oo = oo. Witli e > 0, 
tlie convergence (I96|) holds for each r = 2, 3, . . .. 

Proof. Pick r = 2,3,... and e > 0, and consider a strongly admissible 
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scaling P, K : Nq ^ Nq. We combine the bounds ([78|) and ([M|) to write 

'[C,(^„)]e-("-^)^(L(i+.)i^nJ+i) 

< (1 _ ^-(„-.)^(L(l+.)i.„J+l) 

< (^£j^n^(l-g(0,)rie-("-'^)#(i+^) (98) 

for all n = r + 1, r + 2, . . .. Thus, it follows from Lemma 17.31 (via (j59p ) that 
the convergence ([961) will be established if we show that 



n^oo 



2 \ '■-1 



lim nM ^ ) e-("-'^)^('+") = 0. (99) 



This step relies on the strong admissibility of the scaling. 

On the range where (j98p holds, we find with the help of ()20p that 



n 

^^-1 . ^-(l+e){l-^)logn . (l+e)(l_r)a„ 



= n{logn + anY'- e~^'+'>^'^^>'°^'' ■ e 
= . (log n + a„)'-' • e-(i+^)(i-^)-" 

= n-^+(i+^)Tr . (logn + anY'' ■ e-^^+^^^^-Tr)"-. (100) 

Under the condition lim„_>oo On = co it is plain that 

lim n-=+(i+^)^(logn)''-ie~(i+^)(i"^)°" =0 

n— >oo 

and 

lim n-^+(i+^)^a;-ie-(i+^)(^-^)"" = 0. 

n^oo 

Letting n go to infinity in (jlOOp we readily get ([99]) by making use of ([95]) . 



Proposition 12.2 Consider a strongly admissible scaling P, X : No — > No 
whose deviation function a : No — > M satisfies lim^^oo ctn = oo. For every e 
in (0, |), tlie convergence ([97]) lioWs for eacii r = 2, 3, . . .. 
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Proof. Pick r = 2, 3, . . . and e in (0, and consider a strongly admissible 
scaling P, i(' : Nq — > Nq- For n sufficiently large, we use (j83p with x = 
[(1 + e)Kn\ to obtain 

[;V[i^,(a„;L(l+£)i^„J)] 



< n 



Li^„(l + e)jy V 



n 



LK„(i+.)j \KJl + e)\ ^ -^"-L^"(i+^)J 



The condition r > 2 implies the inequalities 

[Kn{l + e)\ ^ l + e ^ 1 + £ 



rK„ - + e)J - r - (1 + e) - 1 - e 

and 

rKn - [Kn{l + e)\ > (r - (1 + e)) > 0. 
Thus, upon setting 

T{e) :=(l + e)ei^, 

we conclude by strong admissibility (in view of ([32])) that r(e) • ^ < 1 for 
all n sufficiently large, whence 

grK„-LX„(l+e)J }^J11 \ 'A < r(e) • — < 1 

Pn Pri. 



on that range. 

There we can write 



12 ^ 

r , 



rKn-[Kn{l+e)\ 



Knir-l-e) 



. «^(r(.,.^ 
< -Mr(^)-|^) (101) 
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2{r-l-e) 



1 , \ 2(r-l-e) 

n Tie) 



n 

= n-''+^+^'{T{e)-{\ogn + an)f^''-^-'^ (102) 

where we obtain (jlOip upon using the fact > 2. On the other hand we 
also have 



e -(-^)^ = e-("-)^^^^ = • e"^"". (103) 

Therefore, upon multiplying ()102p and (jl03p we see that Proposition 
112.11 will follow if we show that 

lim n-'-+^+2^+^ • (log n + anf^'~^~'^ ■ e""^"" = 0. (104) 



n— too 



The choice of e and r ensures that r — 1 — e > and — r + l + 2e + ^<0 
for all n sufficiently large. The condition lim„^oo a„ = oo now yields 



lim . (logn)2(''~^-^) • e""^"" = (105) 

n— >oo 

and 



n — r 



lim n-^+i+2^+Tr • a^C--^-^) • e""^"" = 0. (106) 



n— >oo 



The desired conclusion (I104p follows by making use of (I105p and (I106p with 
the help of the inequality ([95|) . ■ 



Note that neither of these two results made use of the condition (1231). 



13 Establishing ([92]) 



In order to establish (j92p we will need two technical facts which are presented 
in Proposition 113.11 and Proposition 113.21 

Proposition 13.1 Consider a strongly admissible scaling P, X : No — > No 
whose deviation function a : Nq — > M satisEes liuin^ooCin = oo. Then, with 
< A < 1 and integer R>2, we have 

lim y f'M P[a(^„)]e-^"-^^^(^'''''"J+'^=0 (107) 

r=R+l ^ ^ 
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whenever A and R are selected so that 

2 < X{R + 1). 



(108) 



Proposition 113.11 is proved in Section [TSl Next, with A in (0, ^) and 
cr > 0, we write 



C{X;a) := 




(109) 



Proposition 13.2 Consider a strongly admissible scaling P, : No ^ No 
whose deviation function a : No ^ M satishes lim„„>oo = oo. If there 
exists some o" > such that ((221) holds for all n = 1,2,... sufhciently large, 
then we have 

lim V r P[i?,,(^„;LArK„J)]e-("-^)i*=0 (110) 
n— »oo ^ — ' Kr I 
r=l ^ ^ 

whenever A in (0, ^) is selected small enough so that 

max (2Xa, X^~^^, XC{X; a)) < 1. (Ill) 



A proof of Proposition 113.2] can be found in Section[T6l Note that for any 
(7 > 0, hm;^|o AC(A; a) = and that hm;jjo A^"^'*' = so that the condition 
piip can always be met by suitably selecting A > small enough. 

We now turn to the proof of (j92p : Keeping in mind Proposition 113.11 
and Proposition 113.21 we select A sufficiently small in (0, ^) to meet the 
condition (jllip and then pick any integer R> 2 sufficiently large to ensure 
(|108p . Next consider a strongly admissible scaling P, K : Nq ^ Nq whose 
deviation function a : No — > M satisfies the condition lim„_^oo On = oo. 
Then, for each n > n*{R) (with n*{R) as specified at ([89]) ). replace 6 by 9n 
according to this scaling, and for each r = R+1, . . . , rn{0n), set x = [XrKn\ 
in Lemma 110.31 with A as specified earlier. 

With these preliminaries in place, we see from Lemma 110.31 that ()92p 
holds if both limits 

lim V P[a(0„)]e-("-'-)^(LAr-K„J+i)^O 
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and 



lim V r P[i^,(0„;LAri^„J)]e-("-'-)^=O 

n— >oo ^ — ' \r I 

r=i?+l ^ ^ 

hold. However, under (jl08|) and (jllip . these two convergence statements 
are immediate from Proposition 113.11 and Proposition 113.21 respectively. ■ 



14 Establishing ([93]) 

The following two results are needed to establish ([93]) . The first of these 
results is given next with a proof available in Section [TTl 

Proposition 14.1 Consider a strongly admissible scaling P, i^T : Nq — > Nq 
whose deviation function a : No ^ K satisfies lim„^oo o„ = 00. If there 
exists some a > such that i23\) holds for all n = 1,2,... sufficiently large, 
then we have 



lim V (''\ P [EriOr,; L^P„J)] e-("-^)fe = (112) 

n— >oo ^— ' \T J 

r=r„{e„)+l ^ ^ 

whenever fi in (0, ^) is selected so that 



We have lim^^o yfij = 1) whence lim^j|o (^^j = Oi ^iid (|113|) can 
be made to hold for any u > by taking fi > sufficiently small. The next 
proposition is established in Section [THJ 

Proposition 14.2 Consider an admissible scaling P, X : No — > No whose 
deviation function q : No — > M satisfies lim„_»oo a„ = 00 . If there exists 
some o" > such that Il23\) holds for all n = 1,2,... sufRciently large, then 
we have 

L-J 

lim y f'') P [Crien)] e-("-^)tf = (114) 

r-=r„{0„)+l ^ ^ 

for each /i in (0, 1). 
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The proof of (|93p is now within easy reach: Consider a strongly admis- 
sible scaling P, K : ^ Nq whose deviation function a : Nq ^ M satisfies 
lim.„^(X) ctn = oo. On the range where ()23p holds, for each n > n*[R) (with 
n*{R) as specified at ([89]) where R and A stiU satisfy (jlOSp and (jllip ). re- 
place 6 by On according to this scaling, and set x = [/uP„J in Lemma 110.31 
with /i as specified by (jll3p . We get (j93|) as a direct consequence of Propo- 
sition [UrT] and Proposition 114.2] ■ 



15 A proof of Proposition 113.11 

Let A and R be as in the statement of Proposition 1 13 . ll and pick a positive 
integer n such that 2(i? + 1) < n. Arguments similar to the ones leading to 
(1981) yield 



for all r = 1, . . . , n. Thus, in order to establish (jl07p . we need only show 

L-J 

lim y £ln^e-^"("-'^)€ (1 - = 0. (115) 

n— >oo T 
r=R+l 

As in the proof of Proposition [1221 by the strong admissibility of the scaling 
(with the help of (jGOP ). it suffices to show 

hm y ^n^e-^"^"-'^)^ ( (1 + 5)^ ) =0 (116) 

with < 5 < 1. 

Fix n = 2, 3, . . .. For each r = 1, . . . , [^J , we get 

^,^„Ar(n-r-)^ ((1 + J):^ 

r-1 



V ' Pn 



J) n^e-^^(-^)^^^ ((1 + ^)l°g^ + ""^ 
= - (J) e-^'-C^-)^^ ((1 + 5)(log n + an)Y-' 
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n 



((l + 5)(logn + a„,)r-^ 
(^gi-A(iog„,+a„)y ^ 5)(logn + a„))'-^ 



as we note that 



Next, we set 



r 1 

1 > -, r = 1, 

n - 2' 



(117) 
(118) 



r„(A) := ne^-t(i°g"+°n) 



and 



a„(A) := (l°g-+°")(l + 5)(log n + an). 
With this notation we conclude that 

LfJ 



r=R+l 



E ^h^e--(-)^ (1 + 5) 



2 \ ''-I 



LfJ 



< r„(A) anixy-^ 

r=R+l 
oo 

< r„(A) J^a,(A)'-. 

r=R 



(119) 



Obviously, lim„^ooan(A) = under the condition lim^^oo c^n = oo, so 
that a„(A) < 1 for all n sufficiently large. On that range, the geometric 
series at (|119p converges to a finite limit with 



an{\) 



R 



r=R 



On (A)' 



Thus, 



LfJ 



r=R+l 



6 \ r — Ar(n— r)- 
if. 



E (^)n^e-^"-^^^((l + 5)^ 



2 \ ''^1 



< r„(A) 



1 - a„(A) 

C„,ii(<^) -ni-tC^+i) . e-t(«+iW . (log n + a,)^ 



with 



Cn,R('5) := 



efi+i(i + 5)^J 
l-a„(A) 
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Under (jlOSp . the condition lim„^oo = oo implies 

lim • e-t(^+i)-- • (logn)^ = 

n— >oo 

and 

lim 2 . e 2 °" • a„ = 0. 

n— »oo 

The desired conclusion (|116p is now immediate with the help of the inequal- 
ity m 



Condition ([23]) played no role. 



16 A proof of Proposition 113.21 

We begin by providing bounds on the probabilities of interest entering (jllOp . 
Recall the definitions of the quantities introduced before the statement of 
Proposition 113.21 

Proposition 16.1 Consider positive integers K, P and n such that 2 < 
K < P and an < P for some a > 0. For any A in (0, i) small enough to 
ensure 

max {2Xa, AC(A; a)) < 1, (120) 

we have 

(^^ F[Er{9; [XrK\)] < B{X;a;Kr (121) 
for all r = 1, . . . ,rn{9) where we have set 

B{X; a; K) := max (x'^'\ X'-'' ' , . (122) 



Proof. Pick positive integers K, P and n as in the statement of Proposition 
116. 1[ For each r = 1, 2, . . . , n, we use (|84]l with x = [XrK\ to find 



n 



rK 



On the range 

r = l,...,rn{e), (124) 
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the inequalities 



r < 



P 
K 



1 < 



K 



(125) 



hold, whence t < ^ since K > 2. Now if A is selected in (0, ^) such that 
2 Act < 1, it then follows from (|125p that XrK < AP < ^ so that 



(126) 





p 


1 


P 


< 




< - 






_2cr_ 


- 2 


a 



[XrK\ < 

Under these circumstances, we also have 

rK - l2\rK\ > (1 - 2X)rK > 0. 



(127) 



Two possibilities arise: 

Case I: r < [XrK\ - Since r < [XrK\ < \ [f J by (fT26l) . we can use ()123p 
to get 



n 
r 

< 
< 



■[i?,(0; LArKj)] 



p 



L- 



P 



\XrK\) \ \XrK\) \ P ) 



rK 



< - 



ML 

[XrK\ 
e P 



[XrK] 



[ArA'J 



eP 



a [XrK\ 

2\ l^rK] 



[XrK] 
eP 



lXrK\ 



lXrK\ 



[XrK 
LArKJ^'^^'-2LArirJ 



[XrK] 
P 

[XrK\ 
P 



rK 



-K 



P 

[XrKj 

7; p 



r_ft'-2[ArE'J 



< (^max(l,C(A;a))-i^) 



(128) 



with C(A; cr) given by (jl09p - In the last step we made use of ()127p together 
with the fact that 



[Ari^J 



< 



ArET 



A 



rK -2 [XrK] - rK - 2XrK 1 - 2X 
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since [Ari^J < XrK. 

On the range p24p . we have rK < P from (|125|) and using this fact into 
(fT28l) we find 



[Er{e; [\rK\)] < (A • max (1, ^(A; a)))"^-2LAr/fJ _ 



In particular, if A in (0, ^) were selected such that AC(A;cr) < 1, then we 
have Amax (1, C(A; a)) < 1 and we get 



^ [Erie- [XrK\ )] < (A • max (1, C(A; ct)))^^-^^)'^^ 
by recalling (jl27p . Such a selection also implies that the quantity 

(A • max (1, C(A; a)) f-^''^'' = (^X'-'' max (^l, ^ 
is largest when K = 1 and the conclusion 

P [Erie; [XrK\ )] < |^max ^X'-'\ X''^' ^ (129) 

follows. 

Case II: [Ar/fJ < r — On the range (I124p . we have [Ar/^J < r < ^ by 
virtue of (fT25]) . Using (fT23]) we find 



< 



P 

a 



ePy /[XrK]^''' 



, i^iY (iiY (i^y . (130) 



rcr y \ r J \ P 
The condition [Ari^J < r now implies via (jl30p that 



P[i?,(^;LArKj)] < 
ry \ra J \ r J \P 

g2 .^.(i^_2)^ 



a \P 



e2 



< (^) (131) 
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since r < ^ upon using (jl25p . The proof of Proposition 116. Il is completed 
by combining the inequaUties p29|) and ■ 



We can now turn to the proof of Proposition 113.21 Consider positive 
integers K, P and n as in the statement of Proposition 116. ll Pick A in (0, ^) 
which satisfies (jllip and note that (|120p is also valid under this selection. 
In the usual manner we get 



r„(e) 

r) ^[Er{0; [\rK\)].e 



r=l 



n\ -in-r)^^ 



r 

rn{e) 



< Y.('')F[Eri9-[XrK\)].e-i--^^iy 

2 / \ 

< e-^^ [) ^[EriO; [\rK\)] 

1- — 1 ^ 



r=l 

< e-t^ ^ 5(A;a;K)'- (132) 

r=l 

as we invoke Proposition 116.11 If it is the case that B{\; a; K) < 1, the 
geometric series is summable and 

r=l r=l \ I I 1 

SO that 

r (B) 

g (';) nEAO; IVA-J)] .e-<"-'.* < e-!*^^i|^. (133) 

Now, consider a strongly admissible scaling P, A' : Nq ^ Nq whose devi- 
ation function a : Nq — > M satisfies lim„^oo = oo. On the range where 
(j23]) holds, replace Q by Qn in the last inequality according to this admissible 
scaling. From (j20p we see that 

p 

K\ = — (logn + an) > cr(logn + a„) 
n 



so that lim„,^oo = oo, whence 



e2 
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Moreover, any A in the interval (0, ^) satisfying (jllip also satisfies the con- 
dition XC{X;a) < 1, so that 

As a result, under (jlf II) we see that 

lim B{X;a;Kn) = max f A^-^A^ ^i-2A f ^\ \ ^ ^ 

n~iOO \ \ J I 

whence B{X; a; Kn) < 1 for all n sufficiently large. Therefore, on that range 
p33|) is valid under the enforced assumptions with 9 is replaced by and 
we obtain 

rj F[Er{er,.;[XrKr.\)].e-^--''^^ 

r=l ^ ^ 

n log n + an I B(X',0",Kn) 

< e 2 71 ' 



n 2 e 2 



l-B(A;(j;i^„) 
l-S(A;a;K„] 



Finally, let n go to infinity in this last expression: The condition lim„^oo ct^ 
oo implies limn^oo n~ ^ e~ ^ = and this completes the proof. 



17 A proof of Proposition 114.11 

Proposition If4.1l is an easy consequence of the following bound. 

Proposition 17.1 Consider positive integers K and P such that 2 < K 
and 2K < P. For each fi in (0, we have 

L~ J p 
^ (^^) F[Er{e; L/iPj)]e-("-)^ < (^le-^J ^^^^^ 

for aU n = 2,3, . . .. 
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Proof. Fix n = 2, 3, . . .. In establishing (I134p we need only consider the 
case rn{9) < [§J (for otherwise (|134|) trivially holds), so that r„(6') = r{9) 
and rn{d) + 1 = [^J . The range VniO) + 1 < r < [^J is then equivalent to 



p 




n 




<r < 




K 




-2- 



hence 



rK > 



P 
K 



1] K> 



P 



as we make use of the condition 2K < P in the last step. 
With fi in the interval (0, ^) it follows that 

P 

[f^P\ ^ ^ < min(r J^, P) 



(135) 



and the bound ([83|) apphes with x = [i^P\ for all r = r{d) + 1, . . . , [^J 
With this in mind, recall (jllSp . We then get 



LfJ 

E 

r=r„{e)+l 



[Er{e;[f,P\)]e 



-{n-r)i 



< 



LfJ 

E 

r=r{9)+l 



rK 



if^pijy p ) 



< e" 



< e 2 p 



L-J 



rK 



rK-\pP\ 



r=r{e)+l 

2 LfJ 
< e 2 p > 

r=r(6l)+l 

L/^^'J 



^\pP\^rK^Y^,P\ 



(136) 



n if ^ 

< e 2 p 




since < ri^ for all r = r(0) + 1, . . . , [^J as pointed out earlier. The 
passage to (|136|) made use of the fact that rK — [^-PJ > 0. The binomial 
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formula now implies 

± (l)<2-, (137) 

r=r(e)+l ^ ^ 

SO that 

L" J 

t (!) nEAO; U.PJ)1»-'"-"* < (2e-«)" (^) 
and the desired conclusion (jl34p follows. ■ 



Now, if in Proposition 117. H we assume that an < P for some cj > 0, 
then the inequality 



follows as soon as 



fj,\ P / / fj,^ an 



/ \ M 



<1, (138) 



and ()134p takes the more compact form 

L-J 

E (!) P[£.(«;LmFJ)1.-'"-"*< (2e-#(./^;(^)T) . 

To conclude the proof of Proposition 114.11 observe that (jl38p is implied 
by selecting in (0, ^) according to (jll3p . In that case, consider a strongly 
admissible scaling P, : No — > Nq. On the range where (|23p holds, replace 
by On in the last inequality according to this scaling. This yields 

L-J 

^ P[^,(0„;L^P,J)]e-("'^'')€ 

r=r„{e„)+l ^ 

. (-*(v.(p;)T 

Letting n go to infinity in this last inequality, we readily get the desired 
conclusion (jll2p from (jll3p . ■ 



This result does not make use of the condition lim„_»oo = oo. 
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18 A proof of Proposition 114.21 

Consider positive integers K and P such that 2 < K < P, and pick /i in the 
interval (0, 1). For each n = 2, 3, . . ., crude bounding arguments yield 




(140) 

where we have used (jllSh and ()137p . 

To complete the proof of Proposition 114.21 consider an admissible scaling 
P, -fC : No — > No whose deviation function a : No — > K satisfies lim^^oo ck„ = 
oo. Replace 9 by On in (jl40p according to this admissible scaling so that 

L-J 

iZ (^) P[a(^.)]e-("-'^)^L.^"J < (2e-"f^)". (141) 

The condition ()23p implies 

2 logn + a,„ „ . .1 , ^ 
= -Pn > o- (log n + a„) 



n 



for n = 1,2,... sufficiently large, whence lim^^oo -f^n = oo since the as- 
sumed condition lim„^oo ctn = oo ensures that eventually a„ > for all n 
sufficiently large. Consequently, 



lim ( 2e"^ ) = 



and the conclusion ()114p follows upon letting n go to infinity in ()14ip . 
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